| Linear partial differential equations of first order

order one. (but it may involve powers of p and q).

And if the power of p and q is also one, then equatlon is known as Linear partlal?..;

differential equation of order one.

Definitions 10. Lagrange’s Lmear Equation. A partial dlfferentlal equation of the form w
P p+Q q =R where P, Q, R are functions of x, y, z (whjch is or first order and linear inp

and g) is known as Lagrange’s Linear Equation.
eg., (y+z)p+(z+x)g=x+yisaLagrange’s Linear equation
Art-6. To solve Lagrange s Linear Equation '

LetPp+ Q g=R
be a Lagrange’s linear equation where P, Q, R are functions of x, y, z
Now the syétem of equations — = 63/ = ;f

is called Lagrange’s -system of'ordinary differefltial equation's for (i)

Let # = a and v and b two independent equations.

We have already shown (on Page 28) that relation
S, v)=0

Give rise to a partial differential equation P p + Q g =R
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: 3 ¥ a" aA a\’ a‘, = 5—4)_
5~ 6); (b_' ..
0
and - = | o 3 (u,v)
CE Y ya |2 | pea
] 6). ay .5)

Thus f (u,v)=01is genelal solution of (jv)
| Now find # and v to have the required solution
Differentiating u = a and v = b, we get

ou :
—dx+ -——afy-i——dz—O and -a—vd- g P
oy & Yy Y 0
Solving these, we have
dx . dy dz

a_ugv__@@ 5‘v6u Buav au"é"v ou ov-

gy 0z 0Oy Oz ox &z ox &z ox oy oy oOx .
(by cross Multiplication method)

dx _ dy _ dz ' . & AT ; 4aY)

which is equation (i2)
~ Thus solution of (#) is given by
independent solutions of | |
dc _dy _ dz . Then f (V) = 0 is general sol. Of. La

u=aandv=_b.Hen¢eif u = aand v = b are two

grange’s Linear

P Q@ R’
Equation, | | | |
‘ i _
Note : Equation (if) i.e.. P Q R

are auxiliary equations oF subsidiary € | : : )
@klngMethodtosolVePp+Qq ; f )andﬁndPQR oy -

Step (A) : Write given equation I the form of ¢
xiliary equatlons

tsolutlons y=aan . .
ral sollution (integral) of the

d v = b of eqs. given in step (B)

Step (B) : Write Lagrans® Liis
given

Step (C) : Find two independen

Step (D) : Write / (¢ V. =
equalion_

0, wh1ch is gene
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[ ILLUSTRATIVE EXAMPLES

TYPE-I

Note : In this example , solution of p p+ Qg =R is obtained by taking two Mempey

- " dv dv dz
/ on—=—"—=—
auxiliary equati P Q R

‘492

at a time and then integrating to have two mdep ende
ey

solutions in variables whose differentials are involved in equation.
Example 1. Solve the following for general solution
() p+g=cosx (iDap+Pg=y
(i) 6p+7q=8 () pz=
(v) px+qy=5:z
i) ¥p+ytg=17
(vi) l’Zp+z.xq= xy

(viii) y p+atq= fyz i .
(ix) xX’p+y'q=x)"z : &) Yzp+zxtg=x)?
) @-a)p+(y-P)g=z-y i) Y p-xyq=x(z-2y)
Criid) ptan,\+qtany-tan4 (xiv)p+q=£ i

a
) pz=y ‘ " (xvi) p+ g =sinx

Sol. (i) We are given p + g = cos x
Compare it with P p + Q'q =R
HereP=1,Q=1,R=cosx
| Auxiliary (subsidiary) equation are
d_dy  ds : ~ . N

1

1 cosx

Taking first two members of (i), we get
=y i

Integratingx =y+aor x—p=aq '

Now taking first and last two members of (9), we get
cosx dx = dz

Integrating sinx=z+horsinx—z=5

Thus from (ii) and (iii), we got u=aandv=b

(i

where u (x,y,z) =x~-y, v (x, V,zZ)=sinx—z
General sol of given equation is

J (x =y, sin x - z) = 0 where fis any arbitrary function.
or sinx—z=f(x-y)
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/" . OF F]RST ORp
: are given ' ER

Qompare twithp p 4 Qg=R
HereP=a, Q=fandR =,
Auxiliary equationg are
E - _‘_’2 _ dz
a B v
Taking first two members of (), we get
Bdx=ady -
Integrating Bx=ay+q or /3;\'- —ay=gq
Taking last two members of (;), we get i
| ydy=pd: |
“Integrating yx=fz+bor yy_g,=
Thus from (if) and (iii), we get u = g ang v=nh
where u (X, 3, 2) =B x—ay,v(x,y,2) =y y-g
General sol. of given equation is
f(ﬁx—ay,yy~ﬁz)=0, ‘ oo (V)
where fis any arbitrary function. '
Note . Here if we take first and last members of (i)

(i)

...(iif)

- dx dz
we get — =—
a y
>  ydx=a dz integrating
yx=az+b oryx—az.=b : ... (V)
from (i) and (v)

- General sol is
f(ﬁx—ay,yx—az)=0 '

| Both (iv) and (vi) are general solu.tions of giv

| Partial differential equation which is given

(iii) We are given 6 p +7g=8

compare it with P p + Q ¢ =R

HereP=6,Q=7,R =38

‘...(vi)

en equation since they give rise to same

e

& & | - )
Auxiliary equations ar¢ === 7 8 :

Taking first two members of (), W€ get
Tdx =6 aﬂ’
Integrating 7 x =6y + @
Taking first and third me
Weget  8dx=6dz

' (7))
ot Ta=0p~%

mbers of ()
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1 1

.._...._..=a

X ¥ :
Taking last two members of (i) we get
_‘.1.y_=_d_;. or y"zdy =z_2d2
2z _ :

1, ol

T — —

Integrating, we get !:-l— =

1 1

= —-——:b
y 2z _
From (ii) and (iii) we get u= aand v=>b _
11 1 1
h oy, )= —=——v(x02)= T~
wereu(xyz) : Yz

The general sol is given by
S/ -1- —-1—, i - l =0, where fis ény arfoitrary function
X yy z _ »
(vii) We are given _
yzp+zxq=xy
Compare it withPp+ Qg =R
whereP=yz,Q=zx,R=xy
The auxiliary equation are

T
yz zx xy
Taking first and second members of (i)
' dx _dy '
Weget —=— or xdx=
S pen =y dy
Integrating, we get
. B
X y a.- 2 P
—_— e e — X =y =
2~ g g e
Taking first and last members of )
we got & _ & or xdx=zd-
yz
; ‘ 2 2
Integrating, we ger X _ 2" b
2..2 2

, ”2.
or X -z"=b

From (if) and () We get gy o\ _

i
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I
rC”(1 pH=X “y andv(x Y2 =,

he
Wi The general sol is given by of <

f& oy x 2‘4) 0whenef| any arp;
TOItray .
of et bf(l =) rary function

1110 We are glven

y p+,\ g = x? y
Cmpareltw1thl’p+ Qg=R
}{ereP‘V ,Q=x"andR = x* )2 2

The quxiliary equations are

_(.i.-\-z-c—y'g-:ncli?z or —ix_=@_=i—
P Q 2 42 ) ()

Taking first and second members a of (i)
we get X dx=y" dy
3 3
i i a 3.3
afing —="—+4+— = . o
lntegrg3»33.xya

From first and last members of 0]

ax dz

y:z x2 y2 )
3 -1 )
Integrating 363—=£—}—+§- or x> +3z71=b ... (iif)

From (ii) and (iii), we get u=gandv=>
where u (x, y, z) = -y, v =5 +37
by
The general sol of (/) is given 3 | e
“Ny= % et (i
3_ P P43z )=0 o X F ,
x -y 9x._|
/G e
(i) We are given x°p +y q= g

.. (i)

we get, or x*dy=z2de

!

Compare it with Pp+ Qg =R

X
Here p=2, Q=y*andR= —3

-

The auxiliary Equations are
dy d»

Q 3 | , ()
d

or

o 26 of(-')
From first and second membe!
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we get x 2dx=ydy

Integrating, we get

—2+ -2+1 |l
N ¥ 4 +aq or —-—+—=a

-241 =2+1 x Y

From first and last members of (¥)

_‘_‘J:’i-_- dz or de=z"dz
2 x2

2
s

we get

=2+ 1 _
+bor —+x=b
-2+1 z

- Integrating x =

| S A
The genera] solis f| ———,x+—| =0.
9. i
- (x)  Weare given * zp +zxtg=xy*
Compose it withpP+gQ=R.
‘Here P .=y2 z,Q=zx and R =x.y2
The auxiliary Eqgs. are
dx _ dy _ dz

yzz' zx? xy2

; Takmg f rst two members of (z)
We get X2 dx=17 dy ' '
3 .3 -
Integrating %—.z%+§ . =>lx3 —y3=a TR . A
Further taking first and last'memb‘efs of 0)
o weget xdv =zdz | | |
Integrating %2— =22—2+E > x2—22'='b . i °E o A
_ From (i) and (iii), we get u= g and v = b |
where u (x, y,z) = x° —y and v (x, y, z) X AL
The general sol is given by
-y g =0
* where f is any arbltrary ﬁmctlon
A(,u') We are given
(c-a)p+(y- ﬂ) q=z-y
Compare it with P p+Q ¢ =R
Here P=x—Q, Q=y ~fBand R =z-y
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BRILLIANT DIFFERENy, g

dy 4 > (z-2y)dy=-ydz
= zdy+ydz=2ydy

Integrating yz =y" + b
i = yz- y2 =bh

" From (/) and (ii), we get u=aandv= b ;

where u (x, y, z) =x* +y* and v (v, », 2) =y 2 =)
The general sol. is given by
J&P+yyz=yh)=0.

(xiii) We are given ptanx +gtany =tanz

Compare it with P p+Qg=R .

Here P=tanx,Q=tany,R=tanz

EQU%

o _d (yz);-—d(y2)

Themmdlayen ' B o S
. are = =
e auxiliary egs. are —— il

Taking first two members of (i), we get
cot x dx = cot y dy R
Integrating log sin x = log sin y + lbg'a
> log sin’x — log sin y = log a

- sinx
= log ——=loga = =0

sin y _ sin y
Taking last two members of (7), we get l
cotydy=cotzdz - Rt
Integrating log siny = log sin z + log b
= logsiny-logz=log b
Sl_ny:_lcigb > 'any =}
ginz . sin z

= . log

From. (i) and (iii), we get' u=agandv=p

where u(x,y,z)= S‘m = andv (x,y,z) = ﬂll
- Smy - i sin z
The general sol is given by

sinx sin :
f("-._s n yJ =(
siny sinz |

(xiv) We are given phg=
a
Compare it with P p + Qg=R

Here P=1,Q=1andR= 2
(4

The auxiliary equations are

¥
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first twWO members of (i)

o= A

e 80
Inte tegrating * = y+a or x—-y=a
ast two members of (i) :

T al\mg

Ta kmgl
< [ P d
we £ YT

Y —logch) - = €°=zb
a ,
a }_eyfa:b
z
From (#) and (iif), we get V= gandv=">
, A i
where # (X, ¥> 2)=x -y and v (% ¥ 2) .—__z,ey/a

The general solis.

f(x Vs k1 y/a] _ 0 where fis any arbitr
ley/“ =f(x—-¥) i =Z_f(x‘Y)-
5 . z = : |
() WearegivenpPz™ y
p+gQ=R

or

- Compare it with p
HereP=2z, Q =0, R =Y

The auxiliary equations aré

di e
z o Y :
o integrating” i

From ﬁrst two members of (), &~

From Ist and last member of (D

we have y dx =2z dz ¥ 2}’dx

Imegl‘atlng Zyx = 72 +b = 2yx~Z
From (ji) and (iif), W€ get U~ .
— 2 y i Z

Where u (x, y, 2) =

itrary function

)

(i)

...(Jid)

..0)

ki)

...(iii)
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The general sol is given by

f0,2yx-)=0
- where fis any arbitrary function
=2 = f(y) any arbitrary function

or 2yx-
(xvi) Wearegivenp +q = sin x
Compare it with P p + Qg=R
s HereP=1, Q=1,R=sinx
Auxiliary equations are
dz . HV.. 22
1 1 sin x
Taking first two members of (), we get
Cdx=dy
Integrating x =y + a orx—y=a
Now taking first and last members of (), we get
~ Sinxdx =d:z
Inteﬂl"atmg _cosx+b=zorztcosx=b
- Thus from (ii) and (iii), we get u = av=hb
Where u =x—y, v=z+c0SX .

General sol of given equation is
: F (x=y,z+cosx)=0orz+ cos x =f (x y) where fis any arbtrary functin

4‘ TYPE -1 H :
In the next example, solution of Pp+ Q g = ~Ris obtained by taking two membesd

the auxiliary equation and integrate to have an equation (one independent solution) intk
variables whose differentials are involved and another independent solution- is obtaimd

by making use of the first solution (mtegra])
Example 2. Solve the following Lagrange’s linear equations for general solution.
) p-g=logx+y) | (@i (p q) (xt+y)=2
(@) xzptyzqg=xy ' -
(v) zp ——'z:q =x+y
W xy'p-yg=-ax: | -
vi) p-2g=3xsin(Qx+y) i) z(p-g =2 +Et)
i) p+3g=5Sz-tan(3x-y) . . () p+5q=z—C0tb(5x'y)
(x) Sp-6g=5x‘cos(6x+5y) . '
() pr+gz=-y ' .
Sol. (7)) We are given p — g = log (x + ) diff. equation
Compare it withPp+Qg=R
Here P=1,Q=-1,R=log (x +y)
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where fis any arbitrary .function
differential equation

The auxiliary equations are & _dy d
P Q R
g P
T’—l log(x+y) ool
o first qwo members of (V)
et d=9
, o e
mtefr;t::tgand lzJis:t‘ members of (i) R
1 ‘ dx dz A
v T Teeern =
‘ | , (Using (ii) i.e., putting value of x + )
1- (log a) dx=d:
fi;)' lntegrating (log ayx=z+ b
|8 (log (x+y)x =z+b
ia) ' & .xlog(x+y)—z=b : £ s ...(ifh)
§ Fom (if) and (iii), we get u=4a andv=>
] where . # (X Z)=xty
, __ v (%, ) z)=xlog(x+y)~Z
| The general sol 1s fx+y xlogl +y)-2)=0
or xlog(x+Yj*2=f(X+Y) )
f #

(i) Weare given the
@f®@+ﬁ?2"
o (+Pp-GFNIT
Compare it with P P +Qqg=R _
where P=x+y, Q=@ £9), R=2 «

The auxiliary equations are

or dx 1 dy  _ é{ ...(7) |
x+y =k ¥ y) <
From first and second members of ()
)

We get dx =— dy - OF de+dy=0

Integrating, x +y =9

From first and last members of () |
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' dz . ' *

. dx
we get = £ = i Z (tgj,
x+y £ i
dz
= ‘ de=a—

“

Integratin x=alog|z|+b: »
- ¥ x=(1-+y)10g|2|+b (‘ a':x.{_y

- '
= c—(ty)loglzl=b ;
From (i7) and (iif), we get # =4 and v=>0 o
where # (x,,2) =xt)V (x,),2) =X~ (x+) log

The general sol is given by

f+yx—(x+y)loglz])= 0
(i) We are given the differential equation

~ xzptyzg=xy

Compare it withPp + Qg=R
HereP=xz,Q=yz,R=xy

]
Ly T T R Ty L 5

: dc ay g’i
* The auxiliary equations are —= S

or —=——=

xz Yz XY

From first two members_of-_(i), we get -

dx _ dy

x .y
Integrating, loglx[—log[y|+log!c[ |
= log|x|=log|yc] S

> |xl=lyel
= xXTrxye
_ x
" — =xc=a(say) = —=a
y .

From last two members of (i), we get
bk b & b _d

—J’_Z_E z . X Z ay :
= aydy =zdz ;
= (2yady =2:zdz

Integrating ay'=z2*+b : 7
: i

> Ly=eborxy-2=p
N
From (#i) and (iii), we have u=aand v= b
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